The influence of the thermal sensitivity of a coefficient of friction and thermophysical properties of the pad and disk materials on the temperature distribution during single braking has been studied. For this purpose, the corresponding one-dimensional thermal problem of friction at braking has been formulated. The solution to such nonlinear problem has been made in two stages. First, the partial linearization was carried out using Kirchhoff's substitution, and then, the initial problem for a system of nonlinear ordinary differential equations was obtained by method of lines. Numerical solution to problem was received by Adams' method realized in the DIFSUB package. For a friction pair, disk (steel)-pad (retinax), an analysis of the evolution of sliding speed and temperature was carried out. The results obtained within the model that took into account the mutual influence between the speed and temperature were compared with those obtained without taking into account such effects.
Introduction
Calculation of the working characteristics of the brake systems is usually performed on the assumption that a friction coefficient is constant. 1 Such an approach is fully justified if the designed system is similar both structurally and in terms of working regime to a brake which is already exploited. To outline the working regime, an average effective value of the friction coefficient is determined, under the condition that in the designed and working brake systems are used the same friction materials. However, when a working analog does not exist, the calculations mentioned above often give results that significantly differ from real data and turn out to be entirely useless. In particular, such situations take place during the design of heavily loaded braking systems, when on the friction surfaces, the large amounts of heat are generated, which cause heating elements to high temperatures ( ' 1000°C). 2 To determine the reason of differences between experimental data and the results of theoretical calculations, it should be taken into account that in fact all the characteristics of friction during braking processes are interrelated and interdependent. Changes in pressure and velocity cause a change of the friction power, and thus, a change in the intensity of heat generation on the friction surface. As a result, the temperature of the subsurface layers increases, and the mechanical, thermophysical, and frictional characteristics of the materials change, which influence the friction power. 3 Experimental study on dependence of the coefficient of friction on sliding speed, load, and temperature was made for different types of braking systems and by many kinds of friction materials. The study showed that temperature has the greatest influence on the value and character of changes of the friction coefficient in the braking process. 4, 5 Actually, the temperature reflects the influence of power density of the frictional forces which depends on the coefficient of friction, pressure, and speed. Besides, the temperature has a large influence on the mechanical and thermophysical properties of materials of a friction pair, and the intensity of processes of physico-chemical mechanics that occur on the friction surface, which in turn have an impact on coefficient of friction. Thus, it is an integral parameter, joining interaction of many factors.
To describe the frictional heating of braking systems, with taking into account changes of the friction coefficient and the interdependence of all the characteristics of the process, the systems of equations of heat dynamics of friction and wear (HDFW) are used. 6 These equations make the changes of the friction coefficient, braking speed, mechanical, and thermophysical properties of friction pair materials dependent on temperature. The basic components of such systems are two problems: an initial one, for the equations of motion, and a boundary-value heat conduction problem. Common elements for both problems are contact pressure and friction coefficient. The spatial distribution and change of the contact pressure with time are usually known a priori, and a friction coefficient in the braking process may be constant or dependent on temperature.
On the assumption that a coefficient of friction is constant in the braking process, first the equation of motion is solved at a given initial value of speed. This allows to determine the course of speed reduction in time and outlines the braking time. When we know the change of time pressure and the velocity, it is possible to determine a time profile of the power of friction. Then, we move on to solve the nonstationary heat conduction problem with two boundary conditions on the contact surface pad-disk. One of the conditions determines the type of thermal contact (perfect or imperfect). The second one assumes equality between power of friction (that was found earlier) and sum of intensity of the heat fluxes directed along the normal from the friction surface to inside of the elements. 7 Thus, at a constant coefficient of friction, relation between the velocity and the temperature does not include the effect of temperature on the speed.
Another situation takes place, with taking into account the changes of the coefficient of friction under the influence of temperature, when the sliding velocity and temperature of friction pair elements are interdependent. Then, the solutions to the equations of motion and heat conduction with the relevant initial-boundary conditions should be sought at the same time. In the case of axisymmetric (two-dimensional (2D)) or spatial (three-dimensional (3D)) nonlinear heat problems of friction during braking for thermally sensitive materials, their solutions are most often obtained numerically, using the finite element method (FEM). 8, 9 To determine the temperature of brake systems which operate under conditions when most of the heat generated in the contact area of the friction elements is directed along the normal to the friction surface, and the convection cooling of the free surfaces of these elements has little effect on temperature, it is useful to use nonstationary one-dimensional thermal problems. [10] [11] [12] [13] Solutions to one-dimensional boundary-value heat conduction problems, describing the process of heating the friction disk and the brake pad, which are made of materials with constant thermophysical properties and temperature-dependent friction coefficient, were obtained in papers. [14] [15] [16] Analytical-numerical methods for solving one-dimensional thermal problems of friction for thermally sensitive materials with constant coefficient of friction were proposed in papers. [17] [18] [19] [20] [21] The aim of this work is to obtain a solution to the thermal problem of friction during braking, with temperature-dependent coefficient of friction for the two half-infinity bodies (the semi-spaces), which are made from thermally sensitive materials.
Statement of the problem
Let us consider two different semi-spaces (pad and disk), based on the Cartesian coordinate system Oxyz (Figure 1 ). In the initial time moment t = 0, bodies start sliding with a constant relative velocity V 0 in the positive direction of the y-axis and are compressed by a constant pressure p applied parallel to the z-axis and varying with time t according to the following formula
where t m is a predetermined pressure rise time, from zero to a nominal value p 0 , and t s is unknown (as for now) braking time. As a result of friction, sliding speed V begins to decrease from V 0 to zero at the stop moment t = t s . The reduction in the speed during braking is described by the following initial problem for the equation of motion
where f is a coefficient of friction, W 0 is an initial kinetic energy of the system, A a is an area of the nominal region contact of the pad and the disk, and braking time t s is determined from the stop condition V (t s ) = 0. Reduction in speed is accompanied with generation of heat on the friction surface z = 0 and an increase in temperature of bodies T (z, t), jzj\', 0\t t s above the initial value T 0 . We assume that the friction elements are made of thermally sensitive materials, that is, their thermal conductivity K l and specific heat c l , l = 1, 2 can be written as follows
where
, and l = 1, 2 are dimensionless functions of temperature T.
Here and furthermore, all values referring to the upper and lower semi-spaces will have subscripts 1 and 2, respectively.
A similar form of temperature dependences is assumed for the coefficient of friction
is a dimensionless function of the average temperature of the contact surface
We consider an imperfect thermal contact of friction between bodies, where the sum of the intensities of the heat fluxes directed from the friction surface to the inside of each element is equal to the specific power of friction
and their difference is proportional to a gap of temperature on the friction surface. The coefficient of proportionality is a coefficient of thermal conductivity of contact h ! 0.
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In accordance with such assumptions, the onedimensional transient temperature field T(z, t), we find from solution to the following boundary-value heat conduction problem
where a change with time-specific power of friction q(t) has the form as in equation (5). The initial problem of the equation of motion (equation (2)) and boundary-value heat conduction problem (equations (5)- (11)) are connected via coefficient of friction f, which is dependent on the average temperature on the friction surface T . The solution of equations (1)-(11) in this article let us to investigate the mutual effect of the speed and temperature in the braking process.
Equations (1)- (11) represent a major part of the system of equations HDFW. To write the entire system, it must be supplemented with two elements-a problem to determine the flash temperature and an equation to find the thermo-mechanical wear. It will be the main subject of our studies in the future.
Let us introduce the following dimensionless variables and parameters
We note that the parameter a (equation (15)) is the effective depth of heat penetration at braking with constant retardation during time t 0 s . 12 The effective depth of heat penetration is the distance from a surface of friction on which the temperature equals 5% from the maximal value reached on this surface.
Taking into account the designations (equations (12)- (15)), problems (equations (2) and (6)- (11)), and the relationships (equations (1) and (5)), we write in the dimensionless form as follows
Solution to the problem Taking into account the technique from the article, 23 we use Kirchhoff's transformation
and the finite-difference method with central differences to solve the boundary-value problems (equations (16)- (24)). As a result, we obtain the following initial problem for the system of ordinary differential equations of the first order
and the values of the parameters d 1 .0 and d 2 \0 are chosen, so they could satisfy the condition
Numerical solution to the Cauchy problem for the nonlinear system n = n 1 + n 2 + 3 of ordinary differential equations (26)-(36) with respect to functions V Ã (t) and Y l, j (t); 0\t t s ; j = 0, 1, . . . , n l , l = 1, 2 was obtained by Adams' method adapted in the procedure DIFSUB. [24] [25] [26] Dimensionless time of braking t s was set, controlling the fulfillment of the stop condition V Ã (t s ) = 0. We assume that the functions K (3)) have a polynomial form as follows
where DT Ã = T Ã À T Ã 0 and a l, i , b l, i are the known coefficients. Substituting the functions K Ã l (T Ã ), l = 1, 2, equation (38) to the right side of the equation (25) , after integration we find the following
whereâ l, 0 = 1,â l, i = a l, i =(i + 1), and i = 1, 2, . . . , N l . By means of the least squares method from the formula (39), we find the following relationship between the dimensionless temperatures T Ã (z, t) and Kirchhoff's functions
where a l, i is the known constant. We note that in the case when the heat conductivity of the materials is con-
, from the relationship (equation (25)), it follows the linear dependence between temperature and Kirchhoff's function
Taking the notation (equation (35)) into account, the relationship (equation (40)) in the nodes of the mesh z l, j (equation (36)) can be written as follows
The computational scheme consists of consecutive implementation of the following steps
Setting of the input parameters
2. Calculation of the values t 0 s , T a , k l, 0 , l = 1, 2, a, q 0 under formulas (14) and (15) and then finding the dimensionless parameters of the problem (equations (12) and (13)); 3. Solution of the initial problem (equations (26)- (36)) with respect to functions V Ã (t) and Y l, j (t), 0\t t s , j = 0, 1, . . . , n l , l = 1, 2. In equations (31) and (32), in the first step (in DIFSUB procedure) T (42)).
Numerical analysis
The calculations were performed for the disk-pad frictional system at a single braking process for the following values of input parameters A a = 4:6 Á 10 (3)) for steel 30HGSA were obtained on the basis of the experimental data 28 and are presented in Figure 2 . The values of coefficients a 1, i , b 1, i , i = 1, 2, 3 in the formulas of approximation (equation (38)) for steel 30HGSA and a 1, i , i = 0, 1, 2, 3 in relation, as shown in equation (40), are given in Table 1 . The friction material FC-16L, applied to the pad, is characterized by the constant thermophysical properties at temperature increase in considered range from 0°C to 800°C. 28 Hence, K Ã 2 (T) = c Ã 2 (T ) = 1, while in the calculation of the temperature of the pad, the dependence (equation (41)) was used.
Tests on friction stability have shown that the coefficient of friction pairs 30HGSA-FC-16L varies with temperature 28 ( Figure 2 ). Dimensionless function f Ã (T ) (equation (4)) for the present pair has the following form where the values of coefficients d i , i = 1, 2, 3 are given in Table 1 . Two variants of pressure changes (equation (1)) with braking time have been considered: a rapid increase from zero to the nominal value p 0 at t m = A = 0 and an oscillating increase from t m = 0:2 s, A = 0:2, v = 50 Hz to the nominal value (Figure 3) . For both variants, calculations have been carried out using two values of the coefficient of thermal conductivity of the contact: h = 10 3 Wm À2 K À1 (Bi = 5) with taking into account the thermal resistance of the contact pad and disk or h ! ' (Bi ! ') that corresponds with the perfect thermal contact of the friction elements. 29 In each element, grids z l, j (equation (36)) were the same (n 1 = n 2 , d 1 = jd 2 j). Test of calculation proved that to achieve a relative accuracy of the calculations 10 À6 , satisfying condition, as in equation (37), it was enough to take n 1 = 34, d 1 = 4.
The change in speed during braking is shown in Figure 4 . In case of a sudden increase in pressure to the nominal value, the speed is reduced linearly from the initial value to zero at the moment of stop (braking with uniform delay). If the pressure increases with oscillation during braking, then, in the initial moments of time, change of the speed with time is nonlinear. In both cases, taking into account the coefficient of friction depending on the temperature, it reduces the braking time (reduces braking distance) by about 10% compared with the case of braking with a constant friction coefficient. The braking time when the pressure increases rapidly is always shorter than the braking time with oscillating increase in pressure.
Evolutions of temperature on working surfaces of disk and pad during braking with constant delay are presented in Figure 5 . Both in the case of imperfect ( Figure 5 (a) and (b)) and perfect ( Figure 5(c) and (d) ) frictional thermal contacts, the maximum temperature calculated, with taking into account the thermosensitivity of coefficient of friction (solid lines), is higher than the temperature found at the constant value of this coefficient (dashed lines). Taking into account the thermal resistance of the friction surfaces results in a significant difference of temperature between the surfaces (Figure 5(a) and (b) ). Due to the higher thermal conductivity of steel compared with retinax (Table 1) , the temperature of the friction surface of the disk ( Figure  5(a) ) is significantly (approximately 3.5 times) lower than the temperature of the pad ( Figure 5(b) ). At the perfect frictional thermal contact, temperature of the working surfaces of disk and the pad (z = 0) is equal, and the maximum temperature T max = 210°C ( Figure  5 (c) and (d)) calculated with taking into account the temperature dependence of the coefficient of friction is close to the value T max = 220°C from the monograph. 12 On the contact surface z = 0, temperature reaches its maximum in about half of the braking time. Increasing the distance from the contact area leads to a monotonic increase in the temperature in the braking process-the maximal temperature is reached in the stop moment. The good thermal conductivity of steel 30HGSA causes that even at a distance of 5 mm from the contact surface, at the stop moment temperature is high: ' 100°C at Bi = 5 ( Figure 5(a) ) and ' 120°C at Bi ! ' ( Figure  5(c) ). However, in the pad made of FC-16L, the effective depth of heat penetration does not exceed 2 mm ( Figure 5(b) and (d) ). The treatment accuracy of disk and pad working surface has a significant impact on the achieved maximum temperatures. With perfectly smooth surfaces, when there is the perfect frictional thermal contact of the pad and the disk, the maximum temperatures of both elements are equal and, as mentioned above, they are 210°C (Figure 5(c) and (d) ). Taking into account the thermal resistance of these surfaces leads to an insignificant (170°C) reduction in the maximum temperature of the disk (Figure 5(a) ), and to a significant ( ' 620°C) increase in the maximum temperature of the pad ( Figure 5(a) ).
Corresponding evolutions of the temperature with the oscillating increase in contact pressure are shown in Figure 6 . Temperature fluctuations that are noticeable on the friction surfaces of both components quickly ''smooth out'' with the growing distance from the contact surface, and they completely disappear at distances greater than 1 mm. The amplitudes of the temperature fluctuations on disk and pad friction surfaces do not exceed 10% of the size of the amplitude of fluctuations of the contact pressure presented in Figure 3 .
The results of the theoretical modeling show that such studies should be carried out in the future in parallel with experimental studies. A more extensive discussion of the theoretical models and computational methods can be found, for example, in a review article. 7 
Conclusion
The nonlinear mathematical model has been developed to describe the mutual influence of the speed and temperature of the heating process of friction during single braking. The model takes into account the thermosensitivity of materials and the thermal resistance of working surfaces of the friction elements of the braking system. During establishing the model, the assumption of changing the coefficient of friction under the influence of temperature was essential. It allowed to simultaneously solve the analytical and numerical equations of motion and boundary-value heat conduction problem with a known time profile of the contact pressure. The effectiveness of the proposed mathematical model was shown in the numerical analysis of selected materials of disk (steel 30HGSA) and pad (retinax FC-16L). The achieved results of calculation were compared with the data obtained with a constant friction coefficient. It has been established that when in the calculation model the temperature-dependent friction coefficient is taken into account, then the braking time is reduced by about 10%, while the maximum temperature is increased by 10%, compared with the results obtained with the constant coefficient of friction. It was shown that for the case of full thermal contact between the disk and the pad, the calculated results were similar to the data from the literature.
This mathematical model is a basic element to determine the average temperature of the contact surface in such operating conditions of the braking system when the generated frictional heat is absorbed to the inside of the pad and the disk mainly in direction normal to their friction surface.
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